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ABSTRACT

Two techniques are proposed to alleviate the computational

burden of MUltiple SIgnal Classification (MUSIC) algorithm

applied to Electroencephalogram (EEG) source localization.

A significant reduction was achieved by parsing the cor-

tex surface into smaller regions and nominating only a few

regions for the exhaustive search inherent in the MUSIC al-

gorithm. The nomination procedure involves a dictionary

learning phase in which each region is assigned an atom

matrix. Moreover, a dimensionality reduction step provided

by excluding some of the electrodes is designed such that

the Cramer-Rao bound of localization is maintained. It is

shown by simulation that computational complexity of the

MUSIC-based localization can be reduced up to 80%.

Index Terms— EEG, MUSIC algorithm, complexity re-

duction, dictionary learning

1. INTRODUCTION

The electroencephalograph (EEG) source localization is a

non-invasive brain imaging technique widely used in clin-

ical and cognitive neuroscience applications [1]. In fact,

EEG source localization is commonly utilized to pinpoint the

epileptogenic areas in patients with intractable epilepsy [2].

Moreover, in cognitive neuroscience the localization analysis

of EEG aimed to identify the areas activated during the sen-

sorimotor tasks helps understand the brain functionality. Sev-

eral methods have been proposed to solve the ill-posed source

localization problem. In particular, state of the art techniques

such as FOCUSS, LORETA, MUSIC, RAP-MUSIC, and

LCMV are suffering from enormous iterations and exten-

sively large dimensions due to high numbers of electrodes

[3].

The LCMV, MUSIC, and RAP-MUSIC algorithms are

among the equivalent current dipole techniques in which the

cortical activity is modeled by a few current dipoles [3].

These techniques involve an exhaustive search over a grid

of candidate cortical points extended across the entire cortex

surface to find the the location of current dipoles. However,

due to sparsity of the active dipoles, such exhaustive search is

not efficient. A wiser approach is to identify the cortical areas

with lower probabilities of having active dipoles and exclude

them from the exhaustive search. In addition, although it was

shown that increasing the number of electrodes will improve

the localization accuracy [2], the computational complexity

will grow quadratically with the number of electrodes. Thus,

it is desirable to keep the number of electrodes minimum,

while maintaining the localization accuracy.

In this paper, we address the problem of high computa-

tional burden, which imposes a need for bulky and power-

hungry processing blocks. This paper proposes a method to

smartly nominate the cortical areas with higher chances of

activity for the exhaustive search, as well as an on-demand

electrode selection to reduce the dimensionality of the prob-

lem. It is shown that by means of exploiting the proposed

reduction techniques, the computational load of the localiza-

tion can be alleviated by up to 80%.

2. PRELIMINARIES

The cortical activity can be modeled by a number of elec-

tric dipoles located at the surface of the cortex [1]. The ith

dipole is associated with a location ri = [rxi , r
y
i , r

z
i ] and a

moment vector si = [sxi , s
y
i , s

z
i ], where sxi , syi , and szi are

the Cartesian coordinates of the dipole moments. Assum-

ing the EEG setup has M electrodes, the response of each

unit-dipole on the electrodes is denoted by an M × 3 matrix

Gi(ri) = [gx
i (ri), g

y
i (ri), g

z
i (ri)] and called the lead field

matrix (LFM). The M × 1 lead field vectors (LFV) gx
i (ri),

gy
i (ri), and gz

i (ri) are the response of a unit-magnitude

dipole located at ri and oriented towards x, y, and z axis,

respectively. Assuming the dipole locations ris are fixed,

we shall omit the dependence on the location and denote it

simply by Gi = [gx
i , g

y
i , g

z
i ] for brevity.

The EEG signal measured on the M electrodes and de-

noted by an M × 1 vector y(t) = [y1(t), y2(t), ..., yM (t)]T

is the superposition of the contribution of individual active

dipoles. Assuming N active dipoles, N << M , the mea-

sured signal can be represented as follows [1]:

y(t) = Gs(t) + n(t), (1)

where s(t) = [sx1(t), s
y
1(t), s

z
1(t), ..., s

x
N (t), syN (t), szN (t)]T

is the 3N × 1 vector of active dipole moments at time t and



G = [G1,G2, ...,GN ] is the M × 3N total LFM. n(t) is

an M × 1 vector of independent identically distributed noise

with a Gaussian distribution N (0, σn
2).

The objective of source localization is to estimate the lo-

cation of each dipole ri, i = 1, 2, ..., N . The techniques pro-

posed to solve such an ill-posed problem define a grid of Nc

candidate points across the cortex with locations {r̃i}Nc
i=1 and

among these Nc candidates search for the N -best points that

minimize the following squared error as [4]:

r,S = argmin
r̃,S̃

||Y −G(r̃)S̃||2, (2)

where the M × T matrix Y and the 3N × T matrix S are

formed by stacking up all the time samples {y(t)}Tt=1 and

{s(t)}Tt=1 as Y = [y(1), ...,y(T )] and S = [s(1), ..., s(T )].
In this study, two new techniques are proposed to reduce

the computational burden of the above exhaustive search.

The first technique devises a reduction in the number of the

candidate points while the second technique involves an on-

demand electrode exclusion. In the following section, both

methods are described in details.

3. PROPOSED REDUCTION TECHNIQUES

3.1. Candidate Grid Point Reduction

Considering the fact that the source localization problem de-

scribed above has a sparse nature, (N << Nc), scanning the

entire cortex surface to localize the sources is not efficient. On

the other hand, the set of lead field vectors have some special

characteristics making a smarter search possible as follow

• Any set of P < M lead field vectors is linearly inde-

pendent.

• The grid points in the spatial proximity have higher

LFV cross correlations.

A wiser approach is to cluster the candidate grid points into

groups of spatially adjacent points. Only clusters with a

higher chance of finding optimal points are being searched

for the localization purpose. First of all, based on their dis-

tance from the electrodes, the grid points are categorized

into M groups. We shall denote the kth electrode position

in Cartesian coordinates by rek = [rexk, r
ey
k, r

ez
k]. Define

Ck, k = 1, 2, ...,M as the set of grid indices that are closest

to kth electrode as

Ck = {i|1 < i < Nc, ||r̃i−rek||2 < ||r̃i−rej ||2, j �= k}, (3)

where {r̃i}Nc
i=1 are the grid points locations. After clustering

the grid points, the best dictionary by which the LFVs can

be sparsely represented is derived. Next, the measured EEG

signal is projected on the atoms of the learned dictionary.

The significance of the projection coefficients will determine

which clusters to nominate and the points belonging to those

elected clusters will be the candidate points for the exhaus-

tive search. The procedure of dictionary learning and deriv-

ing their corresponding EEG signal projection coefficients is

brought in the following.

3.1.1. Dictionary learning

The trend in learning is that for each cluster, three atom vec-

tors are learned. Let the three M × 1 atoms in kth cluster be

denoted as dx
k , dy

k, and dz
k, k = 1, ...,M . The three M ×M

matrices Dx, Dy , and Dz are comprised of these atoms as

D� = [d�
1,d

�
2, ...,d

�
M ], � ∈ {x, y, z} The best possible dic-

tionary should minimize

D̂, ϕ̂i = argmin
D,ψi

||Gi −Dψi||2, i = 1, ..., Nc (4)

where ψ̂i is the 3M × 3 coefficients matrix derived by pro-

jecting the Gi on the learned dictionary atoms D̂ and Gi =
[gx

i , g
y
i , g

z
i ]. The M × 3M dictionary matrix is defined as

D = [Dx,Dy,Dz]. In addition to (4), the matrices Dx,

Dy , and Dz should be designed orthonormal.

Algorithm 1 demonstrates the proposed procedure for

learning the sparse dictionary D. According to Algorithm 1,

the learning procedure has two phases. In the initialization

phase, the atoms of each cluster are initialized by the principle

components of the LFVs inside that cluster. However, since

the LFVs of spatially adjacent grid points are quite similar,

the learned atoms from adjacent clusters are non-orthogonal.

Phase two will make the columns of D�, � ∈ {x, y, z} or-

thogonal. The orthogonality property will help when there

are multiple active dipoles with different moment amplitudes.

For instance, consider a case of two dipoles where one is

strong and the other one is weak. The presence of the strong

dipole will dominate the principle component of the signal.

Thus, the algorithm nominating the clusters for exhaustive

search might miss the cluster containing the weak dipole.

However, by ensuring the orthogonality of the atoms, each

cluster is offering a component that does not exist in other

clusters. The presence of such a component in the measured

signal is the sign to nominate its corresponding cluster. As

will be shown in the simulation section, this will reduce the

localization error dramatically.

3.1.2. Nominating Clusters for Localization Search

Once the dictionary is learned, one should assess the EEG sig-

nal projection on the atom vectors. Inspection of the potential

source locations will be carried out among the points belong-

ing to the clusters with highest coefficients. To formulate this

in mathematical form, consider the covariance matrix of the

EEG y and its eigenvalue decomposition as

Ry =
1

T

T∑
t=1

y(t)yH(t) = UyΔyU
H
y , (5)



Algorithm 1 Dictionary learning

1: • Phase 1, Initialization:
2: for all clusters k=1,...,M do
3: -Find covariance Matrix of the Lead Field Vectors for Each Cluster,

Factorize the Covariance Matrices Using Eigenvalue Decomposition:
Rx

Ck
= 1

|Ck|G
x
Ck
GxH

Ck
Rx

Ck
= Ux

Ck
Δx

Ck
UxH

Ck

Ry
Ck

= 1
|Ck|G

y
Ck
GyH

Ck
Ry

Ck
= Uy

Ck
Δy

Ck
UyH

Ck

Rz
Ck

= 1
|Ck|G

z
Ck
GzH

Ck
Rz

Ck
= Uz

Ck
Δz

Ck
UzH

Ck

Gx
Ck

is the M × |Ck| matrix containing the lead field vectors of dipoles inside kth cluster

oriented toward x-axis. The columns of U
y
Ck

are the eigenvectors of R
y
Ck

.

4: -Assign the Principle Components of the Covariances to kth atoms
of dictionary matricesDx,Dy ,Dz:

[dx]k = [Ux
Ck

]1, [dy ]k = [Uy
Ck

]1 , [dz ]k = [Uz
Ck

]1

[Ux
Ck

]1 is the first column of the matrix

5: end for
6: • Phase 2, Update the Codebook:

7: repeat
8: for all clusters k=1,...,M do
9: -Compute the Cluster Residual Error

Ex
Ck

= argminψj
||Gx

Ck
−∑

j �=k [dx]jψj ||2
Ey

Ck
= argminψj

||Gy
Ck
−∑

j �=k [dy ]jψj ||2
Ez

Ck
= argminψj

||Gz
Ck
−∑

j �=k [dz ]jψj ||2
10: -Deriving the Covariance Matrices and the Principle Components of

the Residual Errors
Qx

Ck
= 1

|Ck|E
x
Ck
Ex

Ck

H , Qx
Ck

= Ux
Ck

Δx
Ck
Ux

Ck

H

Qy
Ck

= 1
|Ck|E

y
Ck
Ey

Ck

H , Qy
Ck

= Uy
Ck

Δy
Ck
Uy

Ck

H

Qz
Ck

= 1
|Ck|E

z
Ck
Ez

Ck

H , Qz
Ck

= Uz
Ck

Δz
Ck
Uz

Ck

H

11: -Update the Codebook using the Residual Principle Component:
[dx]k = [Ux

Ck
]1, [dy ]k = [Uy

Ck
]1, [dz ]k = [Uz

Ck
]1

12: end for
13: until Convergence

where T is the total number of time samples, columns of the

M×M matrix Uy are the eigenvectors of Ry and Δy is a di-

agonal matrix of its eigenvalues. Define the M × 3N matrix

Uy = [u1,u2, ...,u3N ] to have the 3N eigenvectors corre-

sponding to the 3N most significant eigenvalues. The sub-

space spanned by Uy is called the signal subspace. Finding

the correlation of the subspace spanned by the atom vectors

and signal subspace is the solution to the generalized eigen-

value problem as follows[4]:

φ̂k = argmax
φk

φT
kD

T
kUyU

T

y Dkφk

φT
kD

T
kDkφk

, (6)

where Dk = [[dx]k, [d
y]k, [d

z]k] is the M × 3 matrix of the

three atom vectors learnt from kth cluster and φk is the 3
coefficient vector for the best subspace projection. Equation

(6) will be assessed for all clusters k = 1, ...,M . Next, the L
clusters whose atom vectors mostly maximize the right hand

side of (6) will be elected. Searching for the source locations

will be confined only to the grid points belonging to these

clusters. Algorithm 2 summarizes the reduction procedure.

3.2. Reducing the Number of Electrodes

In research or clinical applications of EEG, there can be as

high as 256 evenly spaced electrodes around the scalp. How-

Algorithm 2 Candidate Point Reduction Procedure

1: for all clusters k=1,...,M do
2: Calculate φ̂k = argmaxφk

φT
k DT

k UyUT
y Dkφk

φT
k

DT
k

Dkφk

zk =
φ̂T
k DT

k UyUT
y Dkφ̂k

φ̂T
k DT

k
Dkφ̂k

3: end for
4: Define Λ as the set of indices k for which |zk| are the L most

significant .

5: Define I = {ri|i ∈ Cj , j ∈ Λ} as the set of grid points
belonging to clusters set Λ.

6: Restrict the exhaustive search for the localization problem
to the points belonging to I

ever for localizing the cortical activity, these electrodes do

not contribute equally in improving the accuracy of localiza-

tion. The objective is to introduce an adaptive sensor selec-

tion scheme intended to reduce the computational burden. We

shall consider the Cramer-Rao bound to quantify the perfor-

mance for our source localization problem. The Fisher Infor-

mation Matrix (FIM) is obtained as [5]

F (t) = E

{(
∂ ln p(y(t)|r)

∂r

)(
∂ ln p(y(t)|r)

∂r

)H
}
, (7)

where r = [r1, r2, ..., rN ] is a 1 × 3N vector of N ac-

tive dipole locations in Cartesian coordinates with ri =
[rxi , r

y
i , r

z
i ], i = 1, ..., N . Let the observations on dif-

ferent electrodes have independent Gaussian distributions

yi ∼ (μi, σn), i = 1, ...,M , where the mean μi is the ex-

pected value of the total responses from the N active dipoles

on the ith electrode derived as

μi =

N∑
j=1

[gx
j ]iE{sxj (t)}+ [gy

j ]iE{syj (t)}+ [gz
j ]iE{szj (t)}

(8)

[gx
j ]i is the ith element of the M×1 lead field vector gx

j . σn is

the measurement noise presumed to be equal on all electrodes.

Defining the M × 1 mean vector μ = [μ1, μ2, ..., μM ] and

the M ×M diagonal covariance matrix as Σ = σ2
nI(M), the

probability distribution of the observation y given N active

dipoles at location r is obtained by

p(y(t)|r) = 1

(2πσ2
n)

M/2
exp

(
−1

2
(y(t)−μ)HΣ−1(y(t)−μ)

)
.

(9)

With a slight manipulation from (7) and (9), the FIM is (refer

to [5])

F =
1

σ2
n

E{S̃(t)JHJS̃(t)H}, (10)

where S̃ is an 3N × 9N2 block diagonal matrix defined as

S̃(t) �

⎡⎢⎢⎢⎣
s(t) 0 ... 0
0 s(t) ... 0
...

...

0 . . . 0 s(t)

⎤⎥⎥⎥⎦
3N×9N2

. (11)
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Fig. 1. (a) The topograph of the reduced single active dipole

case. (b) The regular MUSIC for the single dipole case in a.

(c) The reduced double active dipole case. (d) The regular

MUSIC for the double case in c. The actual locations of the

dipoles are marked by white squares.

s(t) = [sx1(t), s
y
1(t), s

z
1(t), ..., s

x
N (t), syN (t), szN (t)] is a 1 ×

3N vector of active dipole moments at time t, and 0 is a 1 ×
3N vector of all zeros. The Jacobian of G, J , is defined as the

derivative of G with respect to entries of the location vector

r as follows:

JM×9N2 � ∇rG =[∇rx1
G,∇ry1

G,∇rz1
G, . . . ,∇rxN

G,∇ryN
G,∇rzN

G
]
,
(12)

The sensor selection problem can be formulated as

F̃ =
1

σ2
n

E{S̃(t)JHWJS̃(t)H}, (13)

where W is an M×M diagonal matrix with diagonal element

i specified as follows:

wi =

{
1 if the ith sensor is included
0 if the ith sensor is excluded.

(14)

As a scalar metric to quantify the performance, the logarithm

of the determinant of F̃ is maximized in a D-optimal design

[5]. The objective to adjust the diagonal elements of W in

W = argmax
W

ln det F̃ + λ||MI(M) −W ||2, (15)

where λ is the Lagrange multiplier. We shall resort to a gra-

dient based method to solve the above optimization problem.

However, entries of W can only take discrete values of 1s and

0s. In order to make the above expression a continuous func-

tion for derivation, diagonal elements of W are substituted by

sigmoid functions. A new diagonal matrix W̃ is defined with

diagonal elements as w̃i =
1

1+e−ρυi
, ρ > 0, where υi ∈ R

is a continuous variable. The sigmoid function experiences an

abrupt change at the output from 0 to 1 when υi increments

from negative values toward positive values. Being continu-

ous, the sigmoid function makes the derivation with respect to

υi possible while it mimics the discrete behavior of elements

of W .

4. SIMULATION RESULTS

In our simulation, we first synthesized an EEG signal based

on equation (1) with 64 electrodes. The LFMs were cal-

culated using a four shell volume conduction model as in

[6]. The dipoles were randomly located on the cortex with
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Fig. 2. The selected electrodes, the excluded electrodes, the

actual and estimated locations of the active dipoles are de-

picted by black stars, black squares, a pink star and a pink

square respectively.
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Fig. 3. The mean squared error for three scenarios of one, two

, and three active dipoles. The SNR is kept 10 dB.

moments changing over time following independent normal

probability distribution. A white Gaussian noise was added to

all electrodes to have a signal to noise ratio (SNR) of 10 dB. In

Fig. 1, 5 clusters are nominated and it is observed that clusters

including the active sources are well among the nominated 5

clusters. We applied the proposed electrode exclusion tech-

nique to reduce the dimension of the problem. 28 electrodes

were excluded. The optimization problem finds the best set

of 28 electrodes to preserve the localization performance. As

it is demonstrated in Fig. 2, those electrodes with the great-

est distance from the active dipoles are the ones to be omitted

by the algorithm. The mean squared error for three cases of

one, two and three active dipoles is demonstrated in Fig. 3.

In addition, the error values for the regular MUSIC algorithm

is also depicted by straight dashed lines for comparison. The

reduction rate (RR) illustrated on the right of the figure is

RR =
(
1− number of nominated grid points

total number of grid point over the cortex

)
× 100 (16)

The RR is maximum when only one cluster is nominated for

search. As the number of nominated clusters increases, both

the RR and the mean squared error are decreased.

5. CONCLUSION

The two techniques proposed in this paper reduce the com-

plexity burden of the MUSIC-based EEG source localization

up to 80 %. Such reduction will make the real-time, low-

power, compact hardware implementation of the EEG source

localization feasible to be used in long-term monitoring of the

brain activity.
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